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ABSTRACT:

Let X and Y be two convex spaces over the same (real or complex) field F. We consider a
general method of defining convex topologies on tke dual of a convex space, taking as
neighborhoods of the origin the polars of certain sets in the convex space. Here we have
proved that any finite sum of compact sets is compact. Also the sum of a compact and a
closed set in a convex space is closed. Let V be the vector space of all continuous linear
mappings of XintoY. Let A be any bounded subsets of X and B a base of absolutely convex
neighborhoods in Y. Define Wap= {t: t (A) B} for each A A and B B. Then Wagis
absolutely convex and absorbent. The topology is then called the topology of A —
convergence. If X is a barreled space, then any point wise bounded set of continuous linear
mappings of X into Y isequicontinuous.

INTRODUCTION AND NECESSARY PRELIMINARIES

A topological vector space (tvs) 1s a set with two compatible structures, one, 1t has the
algebraic structure of the vector space, and the other, it has a topology so that the
notions of convergence and continuity are meaningful.

A subset Vofatvs X is convex if L x+uy e Viorallx, ve Vwhenever L +p = 1.
V is balancedif x ¥ for all x V whenever 1.V h& called absolutely convex if

it is both convex and balanced. The set of all finite linear combinations Z ;;-""- with

113
INTERNATIONAL JOURNAL OF UNIVERSAL SCIENCE AND ENGINEERING



International Journal of Universal Science and Engineering http://www.ijuse.in

(JUSE) 2016, Vol. No. 2, Jan-Dec e-1SSN: 2454-759X, p-ISSN: 2454-7581

i > *}sZﬁ-* _land each oy is called convex envelope of A. The absolutely

convex envelope of V is the set of all finite linear combinations Z” x; with

Z i< land each ¥ €V and is the smallest convex set containing V. The set V is

absorbent if X o V there is some ;= 0 such that x -,V for all |, with | r £| = A

A topology £ on X is said to be compatible with the algebraic structure of X if the
algebraic operations “+" and’.” are continuous in X.

A topological vector space is locally convex if it has a base of convex neighborhood
of the origin.

In a convex space, a subset is called a barrel if it is absolutely convex, absorbent and
closed. A convex space is called barreled if every barrel is a neighborhood.
A non-negative real valued function p on a tvs X is called a semi norm
it () px)z0;
(i)  p€x = |Ap():
(iii) F{_,_.V}E Pi}P*:

2. General Method of Defining Convex Topologies and Compactness
Let (X, X' ) be a dual pair and A any set of weakly bounded subsets of X. Then the
sels A" (A ewthere is A" called a podar of A given by
_ . no e A
Al = -{’.aup HZ‘,.T tx = A }1 B

e
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18 absolutely convex and absorbent and so there is a coarsest topology ~onX' in
which they are neighborhoods. A base in neighborhoods in .+ 1s formed by the sets

’ 3¢

el + =LE gn rJ t‘::-{}’ﬁ“'eh:
|H lim )
This topology ' on X'is called the topology of uniform convergence on the sets of A
or the topology of A- convergence or the pelar topology.
Now suppose X 1s a vector space over the feld of real or complex numbers. Let U be
a non-empty set of subsets of X such that

@ HUeU,VelU,thereisa W  Uwith WdJ &;

() HUeUand e¢ 0,00 e U;

(i) each U £ U is absolutely convex and absorbent.

Then there exists a topology mnaking X a convex space with U as a base of
neighborhoods. This topology on X is called the convex topology.

Theorem 2.1 Any finite sum of compact sets in a convex space 18 compact.

Proof: Let A and B be two compact sets and C an open covering of A + B. Then

for each x A and each y Bs there is an open absolutely convex neighborhood

U(x.y) of the origin for which x + v + U(xy) is contained in some set of C . Now

keeping x fixed, the sets y + ¥ U(x,y) form an open covering of B. As B is compact,
i1 j onm be finite sub cover of v + 12 U(x,v). Lot

et |y +1UCr ¢ y+ ¥ UGy)

{'; 2 ; f

(1 ¥, -= Then the sets x +V(x) form an open covering of A. Again as
U -

Vo 1
— . = .o

€ ; .?5‘ 2 4 P E_'& g
' - + Mis cn@pibt, let

= € +

L

I: [
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i Vox o1l i mt be a finite
sub covering
of A. Then
A+B X V x
im
0 x . il
STLE | + +lU ) }thi,v;j
Iiml .I 2
0 W
| "r vi Uxiy,
-.-._ll'-nr. __
Iim L
+ o+ ( :

= 111
Hence A + B is compact.

Theorem2.2 The sum of a compact set and a closed set in a convex space is closed.
Proof: Let A be compact and B closed. Leta g A + B . Then foreachx e A, x+ B
is closed, for + is continuous and B is closed. Hence there is an absolutely convex

neighborhood U(x) of the origin with (a +U (x)) »( x + B) = ¢. Then
4 x U€ B Now {A. LU "# [orm an open cover ol A, Since A is compact,
e+ 7 r

4 ¥
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1 U( , 1_.:.: M form a finite sub cover of A. Let 7 _ 1 U({ :
B i A I i
Tthtl
i L' L,r : :
AII’C |.!1-.-:Irxl-l-i fjg t"q
T L 1
1
+ 77 £
= |— '(r [ <
x A
& 4+ +
H‘E]]C-ﬂ a A V B Th'US

(AHV)AA+B)= ¢
and so a € (4 + B :Hﬂﬂﬁﬁ A+ B 1s closed.

If X is separated convex space, then the set of compact subsets of X can be used to
define a polar topology on X,. Now if A is bounded, then the absolutely convex
envelope of A i also bounded. However, it 15 not true in general that the closed
absolutely convex envelope of a compact set is compact.

Remark: One may check whether the closed absolutely convex envelope of a super
compact sel 18 super compact or not?
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